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Satellite Pitch Dynamics in the Elliptic Problem of Three Bodies

Joshua Ashenberg*
Technion—Israel Institute of Technology, Haifa 32000, Israel

An extension of the restricted elliptic three-bodies problem to include the gravity gradient is presented. The
nonlinear pitch dynamics of a satellite located at an equilibrium point is investigated. A closed-form solution for
the circular case is presented. Small perturbations solutions, periodic solutions, and global dynamics via Poincare
maps and bifurcation diagrams are studied. The pitch is most stable and has the largest liberation manifold and
the smallest chaotic region at Lj,. A numerical example of pitch in the Earth-moon system is presented.

Introduction

IN the restricted problem of three bodies, two bodies of finite
mass (the primaries) revolve around each other, while a third

body of infinitesimal mass moves in their field.1 In the idealized
and simple problem, the primaries are in a circular orbit. A more
complicated but more realistic case is when the primaries are in
elliptic orbits. Contrary to the circular case, the elliptic problem
is nonintegrable. In the current problem, although the mass of the
third body is infinitesimal relative to the primaries, it has a finite
dimension. Thus, the system involves additional degrees of freedom
due to the third body rotation around its center of mass.

The problem of gravity gradient for the two-body system has been
extensively investigated in the past. The classical solutions, usu-
ally formulated by small perturbations methods, were extensively
studied by Beletskii.2 The modern approaches utilize the global
dynamics analysis for gravity-gradient problems. Wisdom et al.3
show that irregularity in the satellite shape may cause chaotic
tumbling. Periodic solutions and their stability are presented by
Modi and Brereton.4 A comprehensive work by Karasopoulos and
Richardson5 shows bifurcation diagrams that reveal the dependence
on eccentricity, especially the transition to chaos with increasing ec-
centricity. The cited references are restricted to the pitch motion; the
nonlinear dynamics of higher dimensional systems is hard to ana-
lyze or to visualize. Robinson6'7 extended the gravity gradient to the
restricted problem of three bodies. The results, however, are limited
to the case where the primaries are in a circular orbit. Only the linear
motion is investigated.

The current paper extends the investigation to the global dynamics
in the elliptic case. The results can be applied to the preliminary
design of variety of projects. For example, a future lunar space
station, communication satellites, or space power station (SPS) at
the libration points of Earth-moon, space telescope or SPS at the
libration points of Earth-sun. The paper suggests the proper inertia
and the initial rotation rates for the desired pitch motion.

Before proceeding further, consider the following comparison.
Let F(j) and G(7) be the force and the gravity-gradient torque due
to a source with mass w7 and distance r;. The ratios of the maximal
forces and torques due to each source are

3 (2) m.2 • r
* max

(2)
max

(1)

Table 1 presents these ratios for a satellite located at the equilibrium
points (Fig. 1) and for a satellite in a geosynchronous orbit, in the
Earth-moon system. The moon as a torque source is dominant at
LI and at L2; the Earth is always dominant in terms of force.

Next, the pitch in the elliptic three-body problem will be formu-
lated and analyzed with application to the Earth-moon system.
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Model
The current problem is concerned with the planar three-degrees-

of-freedom motion (two orbital and one rotation). Referring to
Fig. 1, the two primaries m\ and m2 are rotating in an elliptic or-
bit about their mutual center of mass: the origin of coordinates; a
and e are the semimajor axis and the eccentricity, respectively. The
coordinates x and y are attached to the primaries and rotate with
the true anomaly / relative to the fixed coordinates X and Y. The
radius vectors of the primaries are jjtr and (1 — /x)r where fji is the
mass ratio. The third body m, is located at a distance r, from each
primary m-r Let bk,k = 1, 2, 3 be the unit vectors parallel to the
rotating coordinates, and let p^ be the principal axes of the third
body. The orientation of this body is characterized by the rotation
a. This pitch angle describes the pendulumlike motion of the third
body in the local vertical coordinates. To derive the equations of
motion, one formulates the Hamiltonian consisting of the sum of
the kinetic energy T and the potential function U, where

T = \m [(x - fyf + (y + f x f ] + \C (a + /)'
(2)

U = (

The first terms of T and U are due to the orbital motion and the sec-
ond due to the rotation, respectively. These terms will be denoted by
the subscripts orbit and rot, respectively. C is the orthogonal com-
ponent of the moment of inertia dyadic I (A = 71( B = 72, C = I?,).

Table 1 Forces and torques due to
Earth-moon

Location
Geosynchronous

orbit
Li

GE/GM

43,700
1/4.11
1/2.17
655
81

FE/FM

5370
1.68
2.60
326
81

Fig. 1 Model.
68
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t/rot is obtained by the MacCullagh formula.8 It assumes that the
typical dimension of the body is very small relative to the ra-
dius vector [approximation to the order of (Rbody/rj)4]- Irj is
the projection of the moment of inertia along the radius vector
from each primary. In dyadic notations, Irj = r, • Ip • r,-, where
IP = Ap\p\ + B p2p2 4- C Pipi. The vector field described by U
is, in general, irrotational (but not conservative). It is conservative
only in the specific case where r,- is constant, i.e., a circular orbit. Let
[x, y, a] and {px, py, pa} denote the coordinates and the momenta,
respectively. The corresponding Hamiltonian is

H = (pl/2m) + (P
2/2m) + (P

2
a/2C)

+ (ypx ~ *Py + Pa)f ~ + (3)

This Hamiltonian is a first integral only if / = 0. In the elliptic case,
/ is not constant so the problem is nonintegrable. Transforming
the canonical equations into the configuration space results in the
following equations of motion:

x-2fy = f2x + f y +
1 /3U iv
m \ dx

+ •
dx

9t/orbi.
+ • dy (4)

Note that the orbital motion and the rotation are coupled. The first
two can be written in complex form

z + 21 f z - f2z = -ifz + d/m)Vz(£/orbit + Umt) (5)

where z = x + iy. Changing the independent variable, t -> /, and
defining the dimensionless pulsating coordinates £ = z/r, results in

d/2
1

d/ 1 + e cos /
(6)

C/rot depends on the irregularity of the shape (B — A) and the atti-
tude orientation a. Comparing orders of magnitude, Umi/ [/orbit =
O(R/r)2, where R is a typical dimension of the body m. Thus,
C/rot can be treated as a very small perturbation in the orbital mo-
tion. More specifically, with the third body located at one of the
equilibrium points in the pulsating coordinates (Li, . . . , L5), Uml
is considered as a small perturbation about the equilibrium. LI , L2,
and LI are along the radius vector r\2, whereas L4 and LS are the
triangular points. L5 is a mirror image of L4 with respect to r\2-

The rest of this work is dedicated to the problem of the pitch.
Neglecting J7rot, the problem degenerates now to a rotational motion
of a satellite located at a pulsating equilibrium point.

Pitch Equation
The pitch dynamics in the two-body gravity-gradient problem

depend on the body shape and on the orbit semimajor axis and ec-
centricity. In the three-body case, the particular equilibrium point
plays a major role. Substituting the particular values for each equi-
librium point, the equation for the pitch has the following form: At
LI, L2, and L3

a + f (GM/r3)[(l - M) ]K2 sin2a = -f (7a)

whereas at L4 (and L5)

a + (3GM/4r3)[V3(l - 2/x) cos2cx - si (7b)

Here K2 = (B — A)/C and p7 =rj/r. The equation, with the true
anomaly as the independent variable, is more convenient for further
applications. A straightforward transformation leads to

(l+e cos f)a" - 2e sin /(I + a1)

f [(1 - - 0 (8a)

for LI, L2, and at L3, and

(l+e cos /)«" - 2e sin /(!+ a')

- 2fi) cos 2a - sin 2a\ K2 = (8b)

for L4, where the prime denotes derivative with respect to the true
anomaly. As in the two-body elliptic case, the pitch equation has
time-dependent coefficients as well as an oscillatory forcing term.
In the particular case of a circular orbit, the equation is time indepen-
dent and has a first integral. The local dynamics will be formulated
next.

With a defined as the pitch angle at equilibrium in a circular orbit,
it equals zero at the collinear points (Li, L2, L3). In other words,
one of the principal axes must be aligned with the radius vector of
both primaries. At the Lagrangian points (L4 , L5), on the other hand,
the equilibrium depends on the function g = ^/3(l — 2/x) cos 2ct —
sin 2a. It can be written as

g = -Vl+3(l-2A6)2sin(2a - 2a)

where a = | arctan[A/3(l — 2/x)]. The pitch equation at L4 now
can be rewritten in the form

(1+ e cos /)«" - 2e sin /(«' + 1)

sin 2a = 0 (9)

where ot = a — a. It is important to emphasize at this point that
the pitch equilibrium is limited to the circular problem of three
bodies. These equilibrium attitudes, in the elliptic problem, will
be considered as reference attitudes, perturbed by the ellipticity.
Inspecting the last form of the pitch equation indicates that the pitch
equations for the two body and for the three body are analogous. It
will be recalled that the two-body pitch equation is as follows2:

(1 +ecos/)a" -2esin/V + 1) + |#2sin2a = 0 (10)

Thanks to this analogy, it is sufficient to solve the two-body pitch
with a suitable value for the inertia coefficient K2. Let us define an
equivalent inertia coefficient, Keq and a function F,

1; for the two body
f o r L i , L 2 , L 3 (11)
for L4

The equivalent inertia coefficient Keq = F • K2 replaces K2 in the
two-body equation. Note that Kcq = F for the case of a dumbbell
satellite. F is a function of the primaries' mass ratio (Fig. 2). It is
maximal at L2 for ̂  = i, and F is minimal at L4 and is actually
very close to the value F = 1, the two-body case. In the practical
applications IJL is very small; hence, F(Li) ^ 3 -> 4, F(L2) «
4 -» 6, F(L3) « l+, and F(L4) « 1~. An efficient approximation
for F is described in Appendix A. The large values of F at LI and L2
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Fig. 2 Function F.
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are unique to the three-body problem. Since K2 < 1 due to physical
constraints, all of the previous analyses of gravity-gradient satel-
lites were limited to this domain. Because of the significantly larger
restoring torque at L i and L2, the domain must be extended to Keq >
1. These results are compatible with physical intuition as shown sub-
sequently. Let us consider the circular case. At LI, L2, and L3, the
function F > 0; therefore, the satellite is stable in pitch if K2 > 0,
i.e., B > A. In other words, the minor principal axis is aligned with
the primaries radius vectors, as in the two-body problem. At L4, the
function F < 0, and the stability condition requires K2 < 0, i.e.,
A > B. Let us, for example, visualize the case \JL = \(m\ = m2).
The equilibrium pitch angle a is zero, and so the minor principal axis
points toward the primaries mass center. In reality IJL <£ \; there-
fore, a > 0 and the minor principal axis is tilted toward the largest
primary. The stable configurations are demonstrated in Fig. 3.

Integrable Case
The particular case of a circular orbit is worth consideration for

the following reasons. First, the problem is solvable. Second, most
of the typical orbits in the solar system are nearly circular, hence,

L3

the circular solution may be attempted first. Defining the function
W as W(iJ,, L j , K2) = 3 K&q, the first integral of the pitch equation is

(12)

The topology of the phase space is determined by the modulus £,
k2 = 2h/W. It is a function of the orbital characteristics, the mo-
ment of inertia, as well as the initial conditions. The liberation man-
ifold k < 1 is wrapped by the separatrices k = 1. This manifold,
as a function of the primaries mass ratio, is plotted in Fig. 4. It is
the widest at L2 and the narrowest at L4. The closed-form solu-
tion for the pitch is analogous to the following nonlinear pendulum
solution:

sin a = k • sn{VW(f - /0) + F0; k} (13)

Here, sn is the Jacobi elliptic sine function, F0 is the elliptic integral
of the first kind with argument 00, where sin a = k sin 0. F0 depends
solely on the initial conditions. Let m and n be the number of pitch
librations and the number of the orbits, respectively. The periodic
solutions satisfy the condition

K2 =
1

(14)

Fig. 3 Stable configuration.

where K is the Legendre's complete integral of the first kind.
Figure 5 presents a map for various periodic solutions (m, n) in
libration (k < 1) or tumbling (k > 1). The literature is confined
to Keq < 1. The current research reveals higher m/n ratios, espe-
cially for L2, as can be seen from Fig. 6. The existence of the high
frequencies is obvious from observing the case of a small ampli-
tude, k -> 0. In that case m/n — ^/(3Keq), therefore, the bound
for the frequency spectrum is m/n < </24. In general, the periodic

V
Fig. 4 Libration manifold.
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Fig. 5 Conditions for periodic solutions in circular orbits.
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Fig. 6 Amplitude of periodic solutions, e = 0.01.

solutions are obtained recursively. For small amplitude, however,
an approximate explicit solution can be formulated as presented in
Appendix B. Applying the results from Appendix B, the libration
manifold of initial conditions (a0, «Q) *s formulated explicitly by
the following approximation:

sin2 a0 + a'2/W = 4[VW(n/m) - 1]

- 9[VW(n/m) - I]2 + ̂ h/W(n/m) - I]3 (15)

Nonintegrable Case
The equation of motion for the elliptic case in nonsolvable, in

general, for the following three reasons: nonlinearity, periodic coef-
ficients, and a forcing term. Approximate solutions can be obtained
for small amplitudes and are restricted to small eccentricities. Var-
ious techniques for the two-body case are presented by Beletskii.2
For large amplitude, numerical techniques must be applied. The
global dynamics might be very rich as expressed in the simple, but
unsolvable, problem of forced pendulum.9 The order of the pitch
dynamical system in the elliptic case is three, one higher than in the
corresponding circular case. Hence, in addition to the periodic and
quasiperiodic solutions, chaotic solutions are possible as well.

Linear Solution
Starting with the small-amplitude solution, the linearized pitch

equation for small 8a is

(1 + e cos f)8a" - 2e sin f8a' + W8a = 2e sin / (16)

The linear equation can be converted into the Hill's type of equation

by the transformation10

equation is
= (1 + e cos /) • 8a. The resulting Hill's

2

1+ecos/

Notice that in the two-body case11 W = 3K2. The eccentricity-
forcing solution is of interest. A formal expansion of /8 and Q2 in
small eccentricity, such that

(18)
= W + (-1)* - W) cos* /

leads to the following forced response:

2e . , 3^2

1 - W
sin/H-

(1- W)(4- W) sin2/

(1 - W)(4- W)(9- W) (19)

The solution indicates the parametric values for resonance: W =
1,4, 9 , . . . . Here is an essential characteristic of the current prob-
lem. In the two-body case, only a single resonance occurs: W =
l(K2 = |). The other singularities do not contribute resonance
because K2 < 1. In the present problem W < 24 and, therefore,
higher resonance numbers are possible, depending on L7 and ji6.
The W sets for resonance are {1, 4, 9}, {1, 4, 9, 16}, {1, 4}, and {1}
for LI, . . . , L4. Note that the amplitude of each resonance num-
ber k is on the order of ek. Therefore, W = 1 gives rise to the
primary resonance whereas the higher numbers result in a more re-
strictive amplitude (in the linear case). Further information can be
obtained by applying the Krylov-Bogoliubov-Mitropolsky (KBM)
method.12 Writing the linear approximation as

3" + Wp = I 2J (-l)*c*(l - ^) cos* / J - p + 2e sin / (20)
V=i /

a solution is sought in the form

(a,^,f) + e2u2(a, ^r, (21)

where the amplitude a and the phase ^ satisfy the differential
equations

+ e2A2(a) + • •

eBi(a) + e2B2(a)
(22)

Substituting equating coefficients of identical harmonics and remov-
ing secular terms results in an approximate solution. The derivation
is rather lengthy and will not be presented here. The solution re-
veals, in addition to the eccentricity resonance, the values of W that
cause a parametric resonance (due to the periodicity of the coeffi-
cients): W = {i, |, f, f, ^}. At L3 and L4 only the first two are
possible. There is another, very simple, way13 to find the parametric
resonance. This requires computing the period advance mapping
of the homogeneous equation and then finding the conditions for
the periodic solution. Of course, the results are identical with the
KBM results.

Small Perturbations and Periodic Solutions
The periodic solutions are of special importance; these are pre-

dictable, possibly easy to control, and play an essential role in the
global dynamics. So far, periodic solutions for the linear approxi-
mation have been considered. Extending Beletskii's2 method to the
three-body case, the nonlinear small amplitude periodic solutions
can be found. Because of the addition resonance numbers, a periodic
solution in the following form will be sought:

a = a\ sin / + a2 sin 2/ + a3 sin 3/ (23)
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Substituting, expanding sm(aksinkf) and cos(ak sinkf) in terms
of Bessel functions,14 and equating coefficients of equal harmonics
lead to the following approximate relations:

W •

(24)

when eccentricity is small. Figure 6 presents an exact (numerical)
solution for the amplitude related to the fundamental harmonic (m =
1,/z = 1). The lower part shows the corresponding initial rates
(a(/=o) = 0). The stability of the periodic solution is found by
formulating the variational equations near the periodic solution ap

(l+e cos f)8a" - 2e sin f8a' + W cos 2ap8a = 0 (26)

[W • - 9]a3 - 4ea2 = 0

The two branches of a\ are found from the first implicit relation,2
whereas the other two give the following amplitudes:

This equation is converted into Hill's equation

• cos 2ap + e cos / ^
1 + e cos / J8" + (^ (27)

§«.,

a3 =
6e2a\

(25)

Since a\ itself is of order O(e), the other amplitudes are of order
O(e2) and O(e3), respectively, i.e., the first harmonic is dominant

Fig. 7 Pitch angle bifurcation diagram, e = 0.0549.

0.5

and then Floquet theory11 is applied. The approach is to formulate
the transition matrix 4>, to find the period of the equation coefficients,
and then to compute the period advanced mapping. The mapping is
stable if and only if |tr 4>| < 2. Referring to the lower part of Fig. 6,
the small amplitude branch and most of the lower branch starting
at resonance 1 are stable. The upper branch from resonance 1 is
unstable. The other branches are almost stable, whereas, tr O = 2
at the branching points.

Bifurcation Diagram
For the purpose of exploring the global dynamics, bifurcation

diagrams and Poincare maps are plotted. The bifurcation diagram
maps a single initial condition; the zero state was chosen, since it
represents a satellite initially at a stable attitude. The possible bifur-
cation parameters are the eccentricity and the parametric function
Wj(K2, i*)\ j — 1, 2, 3, 4. As already shown, a reduction can be
made by defining K&q. Hence, the parameters are now e and Keq.
Bifurcation plots for the eccentricity are of great interest in the
two-body case.5 A transition to chaos appears as e increases. This
kind of bifurcation is not presented here because the interesting phe-
nomenon of transition to chaos appears at much higher eccentricities
than the typical three-body eccentricities. Figure 7 shows the bifur-
cation diagram of the pitch angle as a function of the bifurcation
parameter Keq, for e = 0.0549. As expected, a chaotic zone appears
after the first resonance passage (Kcq = |)» and it is compatible with
the chaos diagram in Ref. 5. The second (Keq = |) and the third
(Kcq = 3, hard to visualize from the figure) resonances are character-
ized by abrupt changes. Figure 8 (a magnification of Fig. 7) reveals

xio-3

4.06 4.07 4.08 „ 4.09 4.1

-02 a 0 0.005 0.01

Fig. 8 Bifurcation diagram; magnification and Poincare maps of periodic solutions.
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some periodic orbits. The bifurcation of the pitch angle and the angu-
lar rate for these orbits are shown, and the corresponding Poincare
maps are plotted. A fixed point of period 1 was found at Kcq &
1.2828, just before the second resonance. The fixed points at Keq «
0.1604, 0.2596, and 4.0794 have periods 3, 5, and 2, respectively.

Example: Pitch in the Earth-Moon System
In addition to the practical importance of the Earth-moon sys-

tem, its eccentricity is representative compared with other planetary
systems in the sense that the values of the function F are almost iden-
tical. Figure 9 refers to a hypothetical circular Earth-moon system.
Only the periods m > n are presented. All other periods (m < n)
can be achieved but are of lesser interest because of their impracti-
cal long periods. L2 has the highest number of periods, up to (7,2),
whereas L3 and L4 reach only period (3,2). Figures 10 and 11 show
the Poincare maps for the extreme cases, L2 and L4. A dumbbell
satellite was chosen (K2 = 1). The plots are concise and reveal only
the essential information. The size of the libration manifold at L2
is about three times bigger than the corresponding value at L4. The
practical meaning is that a satellite at L2 (or at LI) can sustain larger
disturbances without tumbling compared with a satellite at L4 (or
at L3). Both have chaos near the separatrices; the chaotic zone at L4
is somewhat larger. The family of periodic orbits starting at or0 = 0
was detected. There may be much more periodic solutions, but this
family is the most interesting from the practical point of view. Refer-
ring to the fixed points, the subscript indicates the period number (2
or 3), whereas the superscript marks the orbit. For example, P3' con-
sists of three fixed points that belong to the same rotational orbit and
has period 3 (m = 1, n = 3). The c indicates the center. In addition,
a couple and a triple of stable periodic solutions were discovered at
L4. The other periodic orbits are marginally stable or unstable. The
marginally stable solutions can be considered as practically stable;

"0 0.5 1 0 0.5

Fig. 9 Periodic pitch in a circular Earth-moon system.

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
« [rad]

Fig. 10 Poincare map for a dumbbell satellite at L^ of Earth-moon.

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

Fig. 11 Poincare map for a dumbbell satellite at L* of Earth-moon.

their characteristic multipliers are nearly one, and so the solution is
bounded over the first few orbits.

Concluding Remarks
The pitch equation of motion in the elliptic problem of the three-

body case is of the same form as the corresponding equation for the
two-body case. The similarity is formulated by defining an equiv-
alent inertia coefficient that may be greater than one leading to a
broader spectrum of resonances and periodic solutions. For stable
pitch equilibrium attitudes at a collinear point, the minor principal
axis is aligned with the primaries radius vectors. At a Lagrangian
point the minor principal axis is tilted toward the larger primary.
The parameters that play a role are the primaries' mass ratio and
the satellite location, in addition to the eccentricity and the iner-
tia (the two-body bifurcation parameters). Various parametric maps
demonstrate the influence of these parameters on the pitch dynamics.
Generally, L2 is locally and globally the most stable. L4 is the least
stable. Some further work is needed, for example, computing a chaos
map for Keq > 1 . Generalizing the problem to three-dimensional
rotation and examining the robustness of the pitch stability due to
small yaw and roll may be of importance.

Appendix A: Approximate Function F
The pitch restoring torque is determined by the function F. It

depends on IJL and Lr The location of L; was computed by the
method suggested in Ref . 1 . The radius vector for each equilibrium
is an iterated solution of a nonlinear algebraic equation, where the
initial conditions are written as series expansions in JJL. These series
are utilized for the approximate solution of F(/z, L7). The resulting
approximations are the following:

25 2592 4— ̂ 3-_^ + —— ̂ 3

1171 2800
"PT

16016
310 '

84800
IF',f

5984317
2-3^ '

119

4 1 + -1,

827

(Al)

1520

10697 28046 34469
3'° " 3^ 2-3T

F(t3) = 1 + (7/8)̂  + (77/192)/i2 + (49/28S)/*3 •
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is a simple function of ^6, and so it is not approximated. The
approximations are very satisfactory for \JL < 0.1. Moreover, for
very small /z, as in the Earth-moon system, even an approximation
of order \JL is quite satisfactory (error less than 1%).

Appendix B: Periodic Solutions in the
Circular Case

The purpose here is to find an explicit formulation for k from the
libration periodicity condition

m/n = VW/[K(k)] (Bl)

First, the complete elliptic integral of the first kind is expanded in
small k

(B2)

The periodicity conditions can be written in the form of the following
near-identical transformation:

= y + (|)V + K3 • 5)/(4 - 6)]V + - (B3)

where y = k2 and z = 4 • [VW(n/m) — 1]. The convergency condi-
tion requires both to be smaller than one. Inverting the series14 and
expanding the square root results in

(167/2048)z (B4)

This approximation is in a very good agreement with the exact
solution for k < 0.5.
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Dynamics of Atmospheric Re-Entry
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This new text presents a comprehensive treatise on the dynamics of atmospheric
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